INTRODUCTION
To assess bacterial pollution of raw water, treatment plants still use an old measuring technique -the Fermentation Tube Test (FTT) -that was developed during the First World War. This simple technique is based on the concept of repetitive sampling of water with a set of standard tubes, followed by addition of lactose to the water samples and counting samples from which fermentation gas is released.
The gas resulting from consumption of lactose by bacteria is easily detectable, thus making the FTT an attractive measuring technique. In the ideal experimental set-up, if there are no bacteria in a water sample, no fermentation is observed (negative test result) and, conversely, the presence of even one bacterium in the tube initiates fermentation (positive test result). In the simplest case one tube of volume V t is used once to draw a small water sample from a container of water taken at some location, such as a river or lake. When the bacteriological status of water at the location is characterized by a local concentration of bacteria -n, the same constant concentration of bacteria n is assumed in the water in the container. For this purpose water in the container is well mixed thus assuring homogeneous distribution of bacteria within the container.
Water in the container is considered to be the water source for the FTT sampling procedures. Equations to calculate the probability of getting positive ( p(þ)) or negative ( p(2))
FTT results in a water sample drawn with the tube from a large and well mixed water source have been given in Nawalany (2000) and Nawalany & Loga (2004) : 
It should be noted, that in cases for which an assumption of a "sufficiently large…water source" does not hold, doi: 10.2166/wh.2010.039 multiple water sampling with tube of volume V t cannot be considered independent sampling. Detailed discussion of such cases is presented by Nawalany (2000) and Nawalany & Loga (2004) . In this paper, however, a large and well-mixed water source is assumed for the sake of consistency with real procedures applied in water quality monitoring. The FTT applied to r water samples drawn directly from the water source by sampling with just one tube r-times is denoted hereafter as FTT(r). Direct sampling from a sufficiently large and well-mixed water source leads to statistically independent outcomes of the FTT(r), i.e. the FTT outcome in any single sample of water does not depend on the FTT outcomes in other water samples. It should be noted also that in the case of large and well-mixed water sources, this type of direct sampling is equivalent of doing one-time multiple sampling, i.e. of taking once (and simultaneously) r water samples using r tubes of the same volume. The number of water samples from which fermentation gas is released after adding lactose is assigned m, (m ¼ 0,1, … , r). It is a measure of an outcome of the FTT(r). When the concentration of bacteria in the water source is equal to n and when the probability of getting a positive FTT outcome in a single water sample of volume V t 2 p(þ), is given by Equation (1a), then the conditional probability of getting exactly m positive outcomes in r (independent) samples is equal to:
ðm ¼ 0; 1; … ; rÞ ð2Þ
By equating a derivative of this probability to zero:
A ›pðþÞ ›n pðþÞ m21 ð1 2 pðþÞÞ r2m21 ½m 2 r·pðþÞ ð3Þ one can calculate "the most probable concentration of bacteria" in the sampled water using a standard equation:
and, ultimately, the Most Probable Number of bacteria (MPN):
where V s is some standard volume of water, usually 100 ml.
The reason to consider n * , i.e. value of n at which probability P(mjn) assumes maximum, instead of the mean or median of binomial distribution, is dictated by the established practice in water monitoring of using procedures There, values of MPN consistent with Equations (4) and (5) for different V s , V t and different ratios m/r can be found. In ›fðnjmÞ ›n
After applying the Bayes formula (6), Equation (7) can be written as:
or, equivalently, as: Equation (8) is more general than Equation (3), as it provides a way of calculating MPN in cases when bacterial concentration in the water source is governed by an a priori g(n) different from the uniform distribution. Equation (9) is valid for any finite r. An infinite number of samples is not considered here, being economically unrealistic (the cost of taking one water sample is always finite).
Equations (1)- (9) are presented here as an introduction and serve to make the entire text self-contained. In the following paragraphs the FTT outcomes are discussed for more complex modes of sampling, i.e. when water is sampled repetitively and independently with a set of j o tubes ( j o . 1) having different volumes. Essentially more complex cases of indirect sampling will be described in a separate article.
REPETITIVE MULTIPLE DIRECT SAMPLING
Repetitive multiple direct sampling is realized by taking water samples directly from the large and well-mixed water source with a collection of j o tubes having different volumes 
Equations (11) and (12) follow the similar Equations (2) and (1) case, when g(n) is assumed to be the unbounded uniform distribution, Equation (17) simplifies to:
This, for the special case of j o ¼ 1, reduces to Equation (4).
EXAMPLE
Direct (hence independent) sampling from a large and wellmixed water source has been performed using j o ¼ three tubes of different volumes -V 1 ¼ 10 ml, V 2 ¼ 1 ml and
The FTT test has been repeated five times for each tube, i.e. r 1 ¼ r 2 ¼ r 3 ¼ r ¼ 5. Also the unbounded uniform a priori distribution g(n) ¼ const. has been assumed for bacterial concentration in the water source.
Therefore, Equation (17a) has been used to calculate MPN assuming V s ¼ 100 ml of water. Two particular outcomes of the FTT have been considered and the corresponding MPN calculated:
Exactly the same values of MPN numbers are cited in SM, unsurprisingly as the SM standard procedures tacitly assume the unbounded uniform a priori distribution, g(n) ¼ const., as the correct one. Contrary to this, the authors claim that, in case of natural water sources it is Equation (17) which should be used to calculate n * instead of Equations (17a) or (4) of all tubes used for (independent) sampling, i.e. P jo j¼1 V j , whereas "ml sample in negative tubes" means simply P jo j¼1 V j 2 P jo ji¼1 m j V j . Standard volume is assumed as V s ¼ 100 ml. When translated into the notations of this article, the Thomas formula for MPN can be written as follows:
Below, this equation is compared with equations derived in this article for two special cases.
In this case, all sampling tubes have the same volume, i.e.
Now, the Thomas formula can be rewritten as follows:
where x ¼ P jo j¼1 ðm j Þ=ðj o Þ # 1 as m j are 0 or 1. Equation (18c) can be directly compared with Equation (5) after substituting to the latter -j o for r and P jo j¼1 m j for m, which results in:
After assuming that the negatives show only on the last positions of the tuples, Equation (18c) has been applied to calculate MPN TH and Equation (18d) 
